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 Hamiltonian Lattice Gauge Theory
Kogut and Susskind Phys.Rev.D 11 (1975) 395-408
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Hilbert space of an  
SU(N) lattice gauge theory

We add a second layer (red) so that each atom or ion fits into a depression in the layer below it. Some of the holes in the
first layer are capped by another atom or ion in the second layer. These are tetrahedral holes. Other holes are not capped
in this way. A bigger atom or ion could fit into these octahedral holes which are surrounded by 3 anions from one layer
and 3 from another layer.

A third layer covers these octahedral holes in the ABC layering of the cubic close packed structure (ccp).

The smallest repeat unit of a regular 3-dimensional structure is the unit cell. On the right below is a simple cube,
subdivided into 8 smaller cubes. If oxygen atoms occupied the vertices of the big cube and were centered on each face,
they would be in the unit cell of a cubic close packed array. This type of packing is also called faced-centered cubic.

In ice, oxygen atoms also occupy the centers of 4 out of the 8 smaller cubes. The lines that connect each internal oxygen
atom to a vertex oxygen and 3 oxygens on the faces of the big cube are actually bridging hydrogen atoms: O-H-O units.

Each oxygen atom is in a tetrahedron of hydrogen atoms.

ENLIST Chemistry Workshop, University of Illinois, 2010

Information for Teachers http://butane.chem.uiuc.edu/pshapley/Enlist/Labs/WaterStruc/T...
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<latexit sha1_base64="/m2vaGBa+TL9U6V75z6heeQK7eQ="></latexit>

dim(Hs) = finite

Particle on a 
SU(N) manifold!

<latexit sha1_base64="0E3glZoQp4VPbe0GskxjRuPP+YE="></latexit>

dim(Hω) = infinite
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<latexit sha1_base64="DbNBPB9gtgEiR0OLdr1zflPaZuY="></latexit>

|ω→ =

∫
[dg ] ω(g) |g→

<latexit sha1_base64="K+n9gQXxJqGtlBOxb+pFB6zxvt0="></latexit>Z
[dg ] |gihg | = I

<latexit sha1_base64="GSgK5HZL64OgnUIW0dU7kbHLH1Y="></latexit>

→g →|g↑ = ω(g ↓ g →)
Left Right
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Link Hilbert space: Position Basis

<latexit sha1_base64="/hn7Pix0mqsIyd6HjWf3AB3rhqM="></latexit>

HFull =
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ω

| gω →
}

Full Hilbert space:

Physical Hilbert space:
Gauss Law Projector
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Position basis on links





Under a gauge transformation:
<latexit sha1_base64="prJ1TFFtFyW5rY5rl7jl1VxWd4A="></latexit>

|g→ ↑ |hL g h→1
R →

Left Right
<latexit sha1_base64="yM3eFWUYdiVJwCdPMS87BwRSwKo=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCq5IUjLorunFZwT6gCWUyvWmHTiZhZiKU2h/Rrf6HO3Hrzt/wC5y2EazogQuHc+6Fc0+Ycqa043xYhZXVtfWN4qa9tb2zWyrv7bdUkkkKTZrwRHZCooAzAU3NNIdOKoHEIYd2OLqa+e07kIol4laPUwhiMhAsYpRoI/XKJb9r3w98ScSAg+0HvXLFqTpz4AVxa4acOu6F52E3tyooR6NX/vT7Cc1iEJpyolTXdVIdTIjUjHKY2n6mICV0RAbQNVSQGFQwmQef4mOj9HGUSDNC47n682JCYqXGcWg2Y6KH6rc3E//0VJRbigiFFUgWLSfR0XkwYSLNNAi6CBJlHOsEz1rCfSaBaj42hFDJzC+YDokkVJsubVPSdxP4f9KqVV2v6t3UKvXLvK4iOkRH6AS56AzV0TVqoCaiKEOP6Ak9Ww/Wi/VqvS1WC1Z+c4CWYL1/ARxwn5E=</latexit>

|g→



Left transformations:
<latexit sha1_base64="l0RNGSokfOeLBAMnVWBu9Ykyicg="></latexit>

e→i L̂ahaL |g→ = |hL g→
<latexit sha1_base64="ciR6sinETzj1Bxh9XlqlRUlljho="></latexit>

e→i R̂ahaR |g→ = |g h→1
R →

Right transformations:

<latexit sha1_base64="9dH/WRHB+J8KWzOVoK8Nf43SM/k=">AAACGHicdVDLSsNAFJ34rPHRqks3g0VwVZKCVXdFNy5cVLAPaGK5mU7aoZNJmJkIJfRHdKv/4U7cuvM3/AKnbQQreuDC4Zx74dwTJJwp7Tgf1tLyyuraemHD3tza3imWdvdaKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPR5dRv31OpWCxu9TihfgQDwUJGQBupVyp6Xdsbgs6uJ3dge36vVHYqzgx4TtyqISeOe16rYTe3yihHo1f69PoxSSMqNOGgVNd1Eu1nIDUjnE5sL1U0ATKCAe0aKiCiys9mwSf4yCh9HMbSjNB4pv68yCBSahwFZjMCPVS/van4p6fC3FIgFFZUsnAxiQ7P/IyJJNVUkHmQMOVYx3jaEu4zSYnmY0OASGZ+wWQIEog2XdqmpO8m8P+kVa24tUrtplquX+R1FdABOkTHyEWnqI6uUAM1EUEpekRP6Nl6sF6sV+ttvrpk5Tf7aAHW+xftbJ91</latexit>

L̂a
<latexit sha1_base64="GOae6oaV6SPRt7UdBXoA/5mhpAQ=">AAACGHicdVDLSsNAFJ34rPHRqks3g0VwVZKCVXdFNy6r2Ac0sdxMJ+3QySTMTIQS+iO61f9wJ27d+Rt+gdM2ghU9cOFwzr1w7gkSzpR2nA9raXlldW29sGFvbm3vFEu7ey0Vp5LQJol5LDsBKMqZoE3NNKedRFKIAk7bwehy6rfvqVQsFrd6nFA/goFgISOgjdQrFb2u7Q1BZzeTO7A9v1cqOxVnBjwnbtWQE8c9r9Wwm1tllKPRK316/ZikERWacFCq6zqJ9jOQmhFOJ7aXKpoAGcGAdg0VEFHlZ7PgE3xklD4OY2lGaDxTf15kECk1jgKzGYEeqt/eVPzTU2FuKRAKKypZuJhEh2d+xkSSairIPEiYcqxjPG0J95mkRPOxIUAkM79gMgQJRJsubVPSdxP4f9KqVtxapXZdLdcv8roK6AAdomPkolNUR1eogZqIoBQ9oif0bD1YL9ar9TZfXbLym320AOv9C/don3s=</latexit>

R̂aand are the generators
of left and right gauge transformations on the link.

<latexit sha1_base64="Nl9MZE1vTq/fU304QuJCm+3IO4A=">AAACHXicdVDLSsNAFJ3UV42v+ti5GSyCixqSgFUXQtGNK6lgH9DGMplO2qGTSZiZCDX0W3Sr/+FO3Iq/4Rc4bSNY0QMXDufcC+ceP2ZUKtv+MHJz8wuLS/llc2V1bX2jsLlVl1EiMKnhiEWi6SNJGOWkpqhipBkLgkKfkYY/uBj7jTsiJI34jRrGxAtRj9OAYqS01CnstFsmOnNKbsmyrKtb99Ax216nULQtewI4JY6ryZHtnJbL0MmsIshQ7RQ+290IJyHhCjMkZcuxY+WlSCiKGRmZ7USSGOEB6pGWphyFRHrpJP0I7mulC4NI6OEKTtSfFykKpRyGvt4MkerL395Y/NOTQWZJxCWURNBgNokKTryU8jhRhONpkCBhUEVwXBXsUkGwYkNNEBZU/wJxHwmElS7U1CV9NwH/J3XXcspW+dotVs6zuvJgF+yBA+CAY1ABl6AKagCDe/AInsCz8WC8GK/G23Q1Z2Q322AGxvsX42ifKg==</latexit>

a = 1, 2, ...N2 → 1
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<latexit sha1_base64="prJ1TFFtFyW5rY5rl7jl1VxWd4A="></latexit>

|g→ ↑ |hL g h→1
R →

Left Right
<latexit sha1_base64="yM3eFWUYdiVJwCdPMS87BwRSwKo=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCq5IUjLorunFZwT6gCWUyvWmHTiZhZiKU2h/Rrf6HO3Hrzt/wC5y2EazogQuHc+6Fc0+Ycqa043xYhZXVtfWN4qa9tb2zWyrv7bdUkkkKTZrwRHZCooAzAU3NNIdOKoHEIYd2OLqa+e07kIol4laPUwhiMhAsYpRoI/XKJb9r3w98ScSAg+0HvXLFqTpz4AVxa4acOu6F52E3tyooR6NX/vT7Cc1iEJpyolTXdVIdTIjUjHKY2n6mICV0RAbQNVSQGFQwmQef4mOj9HGUSDNC47n682JCYqXGcWg2Y6KH6rc3E//0VJRbigiFFUgWLSfR0XkwYSLNNAi6CBJlHOsEz1rCfSaBaj42hFDJzC+YDokkVJsubVPSdxP4f9KqVV2v6t3UKvXLvK4iOkRH6AS56AzV0TVqoCaiKEOP6Ak9Ww/Wi/VqvS1WC1Z+c4CWYL1/ARxwn5E=</latexit>

|g→

<latexit sha1_base64="jqEL67SOPyGVVHWMNCm7ATPlaWo=">AAACHnicdVDLSsNAFJ34rPFVFVduBovgqiQFq+6Kbly4qGAf0MRyM520QyeTMDMRSui/6Fb/w5241d/wC5y2EazogQuHc+6Fc0+QcKa043xYC4tLyyurhTV7fWNza7u4s9tUcSoJbZCYx7IdgKKcCdrQTHPaTiSFKOC0FQwvJ37rnkrFYnGrRwn1I+gLFjIC2kjd4r7Xsb0B6CzzFMfX4/Ed2J7fLZacsjMFnhG3YsiJ455Xq9jNrRLKUe8WP71eTNKICk04KNVxnUT7GUjNCKdj20sVTYAMoU87hgqIqPKzafwxPjJKD4exNCM0nqo/LzKIlBpFgdmMQA/Ub28i/umpMLcUCIUVlSycT6LDMz9jIkk1FWQWJEw51jGedIV7TFKi+cgQIJKZXzAZgASiTaO2Kem7Cfw/aVbKbrVcvamUahd5XQV0gA7RMXLRKaqhK1RHDURQhh7RE3q2HqwX69V6m60uWPnNHpqD9f4FxLWiBA==</latexit>

L̂a
<latexit sha1_base64="tFi550HmQbEQQS+TRU5fVxLWlJ4=">AAACHnicdVDLSsNAFJ34rPFVFVduBovgqiQFq+6KblxWsQ9oYrmZTtqhk0mYmQgl9F90q//hTtzqb/gFTtsIVvTAhcM598K5J0g4U9pxPqyFxaXlldXCmr2+sbm1XdzZbao4lYQ2SMxj2Q5AUc4EbWimOW0nkkIUcNoKhpcTv3VPpWKxuNWjhPoR9AULGQFtpG5x3+vY3gB0lnmK45vx+A5sz+8WS07ZmQLPiFsx5MRxz6tV7OZWCeWod4ufXi8maUSFJhyU6rhOov0MpGaE07HtpYomQIbQpx1DBURU+dk0/hgfGaWHw1iaERpP1Z8XGURKjaLAbEagB+q3NxH/9FSYWwqEwopKFs4n0eGZnzGRpJoKMgsSphzrGE+6wj0mKdF8ZAgQycwvmAxAAtGmUduU9N0E/p80K2W3Wq5eV0q1i7yuAjpAh+gYuegU1dAVqqMGIihDj+gJPVsP1ov1ar3NVhes/GYPzcF6/wLOt6IK</latexit>

R̂aand are like momentum operators!
<latexit sha1_base64="RjcqBfZkRisFsEqzP+Nn1Ecng88="></latexit>

[L̂a, R̂b] = 0





Traditional Link Operators: <latexit sha1_base64="TlftqswGnPqfOWCDnKZrRIWD98A="></latexit>

i , j = 1, 2, .., dω
<latexit sha1_base64="Fh0KBITWqvtkQureco/3ANNkrdU="></latexit>

Ûω
ij

<latexit sha1_base64="POp4yyHT63mguRJWhA0udqumw50="></latexit>

Ûω
ij |g→ = Dω

ij (g) |g→

irrep matrices

labels an irrep of SU(N)
<latexit sha1_base64="CN923Jrj7x/Z6Z6YuYlzbD7+02o=">AAACFHicdVDNSsNAGPxS/2r8q3r0slgETyUpGPVW9OKxgm2FJpTNZtMu3Wzi7kYopa+hV30Pb+LVu6/hE7htI1jRgYVhZj6YnTDjTGnH+bBKS8srq2vldXtjc2t7p7K711ZpLgltkZSn8jbEinImaEszzeltJilOQk474fBy6nfuqVQsFTd6lNEgwX3BYkawNlLgd22fm3SEbT/oVapOzZkBzYlbN+TEcc89D7mFVYUCzV7l049SkidUaMKxUl3XyXQwxlIzwunE9nNFM0yGuE+7hgqcUBWMZ6Un6MgoEYpTaZ7QaKb+vBjjRKlREppkgvVA/fam4p+eigtLYaGQopLFi010fBaMmchyTQWZF4lzjnSKpguhiElKNB8Zgolk5i+IDLDERJsdbTPS9xLof9Ku11yv5l3Xq42LYq4yHMAhHIMLp9CAK2hCCwjcwSM8wbP1YL1Yr9bbPFqyipt9WID1/gWvUZ5R</latexit>

ω
<latexit sha1_base64="iUTuPWi4oapwO1g5uvPrR7oj48E=">AAACGHicdVDNSsNAGNz4W+NPqx69LBbBU0kKRr0VvXisYH+gCWWz+dIu3WzC7kYopS+iV30Pb+LVm6/hE7htI1jRgYVh5huYnTDjTGnH+bBWVtfWNzZLW/b2zu5eubJ/0FZpLim0aMpT2Q2JAs4EtDTTHLqZBJKEHDrh6Hrmd+5BKpaKOz3OIEjIQLCYUaKN1K+U/Z4d9X1uEhGx/aBfqTo1Zw68IG7dkDPHvfQ87BZWFRVo9iuffpTSPAGhKSdK9Vwn08GESM0oh6nt5woyQkdkAD1DBUlABZN58Sk+MUqE41SaJzSeqz8TE5IoNU5Cc5kQPVS/vZn4p6fiwlJEKKxAsni5iY4vggkTWa5B0EWROOdYp3i2Eo6YBKr52BBCJTN/wXRIJKHabGmbkb6XwP+Tdr3mejXvtl5tXBVzldAROkanyEXnqIFuUBO1EEU5ekRP6Nl6sF6sV+ttcbpiFZlDtATr/Qu+rp9Z</latexit>

dω dimension of the irrep



Kogut Susskind Hamiltonian
<latexit sha1_base64="T+ZU1hoP7i7tiXMzaMVI5GHglR4="></latexit>
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Ûω
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<latexit sha1_base64="POp4yyHT63mguRJWhA0udqumw50="></latexit>

Ûω
ij |g→ = Dω

ij (g) |g→

irrep matrices

labels an irrep of SU(N)
<latexit sha1_base64="CN923Jrj7x/Z6Z6YuYlzbD7+02o=">AAACFHicdVDNSsNAGPxS/2r8q3r0slgETyUpGPVW9OKxgm2FJpTNZtMu3Wzi7kYopa+hV30Pb+LVu6/hE7htI1jRgYVhZj6YnTDjTGnH+bBKS8srq2vldXtjc2t7p7K711ZpLgltkZSn8jbEinImaEszzeltJilOQk474fBy6nfuqVQsFTd6lNEgwX3BYkawNlLgd22fm3SEbT/oVapOzZkBzYlbN+TEcc89D7mFVYUCzV7l049SkidUaMKxUl3XyXQwxlIzwunE9nNFM0yGuE+7hgqcUBWMZ6Un6MgoEYpTaZ7QaKb+vBjjRKlREppkgvVA/fam4p+eigtLYaGQopLFi010fBaMmchyTQWZF4lzjnSKpguhiElKNB8Zgolk5i+IDLDERJsdbTPS9xLof9Ku11yv5l3Xq42LYq4yHMAhHIMLp9CAK2hCCwjcwSM8wbP1YL1Yr9bbPFqyipt9WID1/gWvUZ5R</latexit>

ω
<latexit sha1_base64="iUTuPWi4oapwO1g5uvPrR7oj48E=">AAACGHicdVDNSsNAGNz4W+NPqx69LBbBU0kKRr0VvXisYH+gCWWz+dIu3WzC7kYopS+iV30Pb+LVm6/hE7htI1jRgYVh5huYnTDjTGnH+bBWVtfWNzZLW/b2zu5eubJ/0FZpLim0aMpT2Q2JAs4EtDTTHLqZBJKEHDrh6Hrmd+5BKpaKOz3OIEjIQLCYUaKN1K+U/Z4d9X1uEhGx/aBfqTo1Zw68IG7dkDPHvfQ87BZWFRVo9iuffpTSPAGhKSdK9Vwn08GESM0oh6nt5woyQkdkAD1DBUlABZN58Sk+MUqE41SaJzSeqz8TE5IoNU5Cc5kQPVS/vZn4p6fiwlJEKKxAsni5iY4vggkTWa5B0EWROOdYp3i2Eo6YBKr52BBCJTN/wXRIJKHabGmbkb6XwP+Tdr3mejXvtl5tXBVzldAROkanyEXnqIFuUBO1EEU5ekRP6Nl6sF6sV+ttcbpiFZlDtATr/Qu+rp9Z</latexit>

dω dimension of the irrep



Kogut Susskind Hamiltonian
<latexit sha1_base64="T+ZU1hoP7i7tiXMzaMVI5GHglR4="></latexit>

HKS = g
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∑
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Traditional Link Operators: <latexit sha1_base64="TlftqswGnPqfOWCDnKZrRIWD98A="></latexit>

i , j = 1, 2, .., dω
<latexit sha1_base64="Fh0KBITWqvtkQureco/3ANNkrdU="></latexit>

Ûω
ij

<latexit sha1_base64="POp4yyHT63mguRJWhA0udqumw50="></latexit>

Ûω
ij |g→ = Dω

ij (g) |g→

irrep matrices

labels an irrep of SU(N)
<latexit sha1_base64="CN923Jrj7x/Z6Z6YuYlzbD7+02o=">AAACFHicdVDNSsNAGPxS/2r8q3r0slgETyUpGPVW9OKxgm2FJpTNZtMu3Wzi7kYopa+hV30Pb+LVu6/hE7htI1jRgYVhZj6YnTDjTGnH+bBKS8srq2vldXtjc2t7p7K711ZpLgltkZSn8jbEinImaEszzeltJilOQk474fBy6nfuqVQsFTd6lNEgwX3BYkawNlLgd22fm3SEbT/oVapOzZkBzYlbN+TEcc89D7mFVYUCzV7l049SkidUaMKxUl3XyXQwxlIzwunE9nNFM0yGuE+7hgqcUBWMZ6Un6MgoEYpTaZ7QaKb+vBjjRKlREppkgvVA/fam4p+eigtLYaGQopLFi010fBaMmchyTQWZF4lzjnSKpguhiElKNB8Zgolk5i+IDLDERJsdbTPS9xLof9Ku11yv5l3Xq42LYq4yHMAhHIMLp9CAK2hCCwjcwSM8wbP1YL1Yr9bbPFqyipt9WID1/gWvUZ5R</latexit>

ω
<latexit sha1_base64="iUTuPWi4oapwO1g5uvPrR7oj48E=">AAACGHicdVDNSsNAGNz4W+NPqx69LBbBU0kKRr0VvXisYH+gCWWz+dIu3WzC7kYopS+iV30Pb+LVm6/hE7htI1jRgYVh5huYnTDjTGnH+bBWVtfWNzZLW/b2zu5eubJ/0FZpLim0aMpT2Q2JAs4EtDTTHLqZBJKEHDrh6Hrmd+5BKpaKOz3OIEjIQLCYUaKN1K+U/Z4d9X1uEhGx/aBfqTo1Zw68IG7dkDPHvfQ87BZWFRVo9iuffpTSPAGhKSdK9Vwn08GESM0oh6nt5woyQkdkAD1DBUlABZN58Sk+MUqE41SaJzSeqz8TE5IoNU5Cc5kQPVS/vZn4p6fiwlJEKKxAsni5iY4vggkTWa5B0EWROOdYp3i2Eo6YBKr52BBCJTN/wXRIJKHabGmbkb6XwP+Tdr3mejXvtl5tXBVzldAROkanyEXnqIFuUBO1EEU5ekRP6Nl6sF6sV+ttcbpiFZlDtATr/Qu+rp9Z</latexit>

dω dimension of the irrep

Except in some simple cases,  
computing the low lying energy levels of a lattice gauge theory  

in the physical Hilbert space is very difficult!



Monomer-Dimer-Tensor Network Basis

Siew, SC, Bhattacharya, Phys.Rev.D 111 (2025), 114502
Hanqing Liu, SC Symmetry 14 (2022) 2 305, 





Link Hilbert space: Momentum Basis



“momentum or (representation) basis”

Link Hilbert space: Momentum Basis



“momentum or (representation) basis”

Link Hilbert space: Momentum Basis

Left Right
<latexit sha1_base64="Z+AvMytfUkQ4JYKJZW21wK2TRBg="></latexit>

|Dω
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“momentum or (representation) basis”
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Link Hilbert space: Momentum Basis

Left Right
<latexit sha1_base64="Z+AvMytfUkQ4JYKJZW21wK2TRBg="></latexit>

|Dω
ij →



“momentum or (representation) basis”

<latexit sha1_base64="yZz95N3SoCBYhtsODIAFKNdAfmo="></latexit>X

�

X
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|D�
ij ihD�

ij | = I

Peter-Weyl Theorem

sum over all 
irreps of SU(N)

Link Hilbert space: Momentum Basis

<latexit sha1_base64="3xgwWLxPEwryMc6CbFkbdK1jo4c="></latexit>

HFull =
{⊗

ω

|Dεω
iωjω

→

}

<latexit sha1_base64="ttJ1jWR1P2y+KifRnTjJqXGRIzU="></latexit>

HPhys = PĜ=0

(
HFull

)

Left Right
<latexit sha1_base64="Z+AvMytfUkQ4JYKJZW21wK2TRBg="></latexit>

|Dω
ij →





Gauge transformations preserve irrep!

does not change!



Gauge transformations preserve irrep!

does not change!

<latexit sha1_base64="4AR5ZaNV4VcnVPG7Ut7/P3p4uKg="></latexit>

{|D�
ij i}, i , j = 1, 2, ..., d�

transform as a tensor under 
gauge transformations

Basis states for a irrep



Gauge transformations preserve irrep!

does not change!

<latexit sha1_base64="4AR5ZaNV4VcnVPG7Ut7/P3p4uKg="></latexit>

{|D�
ij i}, i , j = 1, 2, ..., d�

transform as a tensor under 
gauge transformations

Basis states for a irrep

Left Right

<latexit sha1_base64="n1BW+noCxWXwx712ytOTdWAwTHo=">AAACGHicdVDNSsNAGPzib40/rXr0slgETyUpWPVW9OKxgv2BJoTNZtMu3WzC7kYopS+iV30Pb+LVm6/hE7htI1jRgYVh5huYnTDjTGnH+bBWVtfWNzZLW/b2zu5eubJ/0FFpLgltk5SnshdiRTkTtK2Z5rSXSYqTkNNuOLqe+d17KhVLxZ0eZ9RP8ECwmBGsjRRUyl7f7gQeN4kI254fVKpOzZkDLYhbN+TMcS8bDeQWVhUKtILKpxelJE+o0IRjpfquk2l/gqVmhNOp7eWKZpiM8ID2DRU4ocqfzItP0YlRIhSn0jyh0Vz9mZjgRKlxEprLBOuh+u3NxD89FReWwkIhRSWLl5vo+MKfMJHlmgqyKBLnHOkUzVZCEZOUaD42BBPJzF8QGWKJiTZb2mak7yXQ/6RTr7mNWuO2Xm1eFXOV4AiO4RRcOIcm3EAL2kAgh0d4gmfrwXqxXq23xemKVWQOYQnW+xenHJ9L</latexit>

Vω

<latexit sha1_base64="6x6zWzWtBi5L59TRWLXHgC57uuM=">AAACIHicdVDLSsNAFJ3UV42vqgsXbgaL4KokBavuim5cVrC10IRwM520QyeTMDMRSujP6Fb/w5241M/wC5y2EazogYHDOfcM954w5Uxpx3m3SkvLK6tr5XV7Y3Nre6eyu9dRSSYJbZOEJ7IbgqKcCdrWTHPaTSWFOOT0LhxdTf27eyoVS8StHqfUj2EgWMQIaCMFlQOvZ3eC3AtB5h43uT5MJrbnB5WqU3NmwHPi1g05ddyLRgO7hVVFBVpB5dPrJySLqdCEg1I910m1n4PUjHBqvswUTYGMYEB7hgqIqfLz2QETfGyUPo4SaZ7QeKb+TOQQKzWOQzMZgx6q395U/NNTUWEpEAorKlm0uImOzv2ciTTTVJD5IlHGsU7wtC3cZ5ISzceGAJHM3ILJECQQbTq1TUnfTeD/Sadecxu1xk292rws6iqjQ3SETpCLzlATXaMWaiOCJugRPaFn68F6sV6tt/loySoy+2gB1scXynOjHA==</latexit>

Vω̄

<latexit sha1_base64="CN923Jrj7x/Z6Z6YuYlzbD7+02o=">AAACFHicdVDNSsNAGPxS/2r8q3r0slgETyUpGPVW9OKxgm2FJpTNZtMu3Wzi7kYopa+hV30Pb+LVu6/hE7htI1jRgYVhZj6YnTDjTGnH+bBKS8srq2vldXtjc2t7p7K711ZpLgltkZSn8jbEinImaEszzeltJilOQk474fBy6nfuqVQsFTd6lNEgwX3BYkawNlLgd22fm3SEbT/oVapOzZkBzYlbN+TEcc89D7mFVYUCzV7l049SkidUaMKxUl3XyXQwxlIzwunE9nNFM0yGuE+7hgqcUBWMZ6Un6MgoEYpTaZ7QaKb+vBjjRKlREppkgvVA/fam4p+eigtLYaGQopLFi010fBaMmchyTQWZF4lzjnSKpguhiElKNB8Zgolk5i+IDLDERJsdbTPS9xLof9Ku11yv5l3Xq42LYq4yHMAhHIMLp9CAK2hCCwjcwSM8wbP1YL1Yr9bbPFqyipt9WID1/gWvUZ5R</latexit>

ω
<latexit sha1_base64="QSIg1F+/yWvPsUBk+a9Y8aOrctY=">AAACHHicdVDLSsNAFJ34rPEV7dLNYBFclaRg1V3RjcsK9gFNKDfTSTt0MgkzE6GE/opu9T/ciVvB3/ALnLYRrOiBgcM5917OnDDlTGnX/bBWVtfWNzZLW/b2zu7evnNw2FZJJgltkYQnshuCopwJ2tJMc9pNJYU45LQTjq9nfueeSsUScacnKQ1iGAoWMQLaSH2n7PdsPwSZ+9wsDWBq+0HfqbhVdw68IF7NkDPXu6zXsVdYFVSg2Xc+/UFCspgKTTgo1fPcVAc5SM0Ip+ZkpmgKZAxD2jNUQExVkM/DT/GJUQY4SqR5QuO5+nMjh1ipSRyayRj0SP32ZuKfnooKS4FQWFHJouUkOroIcibSTFNBFkGijGOd4FlTeMAkJZpPDAEimfkLJiOQQLTp0zYlfTeB/yftWtWrV+u3tUrjqqirhI7QMTpFHjpHDXSDmqiFCJqgR/SEnq0H68V6td4WoytWsVNGS7DevwBWTqFH</latexit>

ω̄
<latexit sha1_base64="oUNf7dVc7SFENJcpsGstUtjECgY=">AAACDnicdVDLSsNAFL2prxpfVZduBovgqiQFo+6KblxWsA9oQplMJ+3QySTMTIQS+g+61f9wJ279BX/DL3DaRrCiBy4czrkXzj1hypnSjvNhlVZW19Y3ypv21vbO7l5l/6CtkkwS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8PfM791Qqlog7PUlpEOOhYBEjWBup4/dsZvtBv1J1as4caEHcuiFnjnvpecgtrCoUaPYrn/4gIVlMhSYcK9VznVQHOZaaEU6ntp8pmmIyxkPaM1TgmKogn8edohOjDFCUSDNCo7n68yLHsVKTODSbMdYj9dubiX96KioshYVCikoWLSfR0UWQM5FmmgqyCBJlHOkEzbpBAyYp0XxiCCaSmV8QGWGJiTYN2qak7ybQ/6Rdr7lezbutVxtXRV1lOIJjOAUXzqEBN9CEFhAYwyM8wbP1YL1Yr9bbYrVkFTeHsATr/Qvq/5vB</latexit>

i
<latexit sha1_base64="28UAiKp6pHh9ELEx87MB/squJqo=">AAACDnicdVDLSsNAFJ34rPFVdelmsAiuSlIw6q7oxmUF+4AmlMn0ph07mYSZiVBC/0G3+h/uxK2/4G/4BU7bCFb0wIXDOffCuSdMOVPacT6speWV1bX10oa9ubW9s1ve22+pJJMUmjThieyERAFnApqaaQ6dVAKJQw7tcHQ19dv3IBVLxK0epxDEZCBYxCjRRmr7XfvO9oNeueJUnRnwnLg1Q04d98LzsFtYFVSg0St/+v2EZjEITTlRqus6qQ5yIjWjHCa2nylICR2RAXQNFSQGFeSzuBN8bJQ+jhJpRmg8U39e5CRWahyHZjMmeqh+e1PxT09FhaWIUFiBZNFiEh2dBzkTaaZB0HmQKONYJ3jaDe4zCVTzsSGESmZ+wXRIJKHaNGibkr6bwP+TVq3qelXvplapXxZ1ldAhOkInyEVnqI6uUQM1EUUj9Iie0LP1YL1Yr9bbfHXJKm4O0AKs9y/sppvC</latexit>

j

Left Right
<latexit sha1_base64="Z+AvMytfUkQ4JYKJZW21wK2TRBg="></latexit>

|Dω
ij →





Projecting to the gauge invariant subspace becomes easy.



Projecting to the gauge invariant subspace becomes easy.
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Projecting to the gauge invariant subspace becomes easy.

Local Hilbert space on which 
gauge transformations act <latexit sha1_base64="bOY6RLXUiW/AfFXONkj/lW+Cx0E="></latexit>

D(Hg
s )

Dimension 
of the local 
singlet 
subspace 

=

label the basis states of 
the singlet space 

<latexit sha1_base64="juBCzU/y/DfqYYMk3ouLfMNdjWo="></latexit>

ωs = 1, 2, ...,D(Hg
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Projecting to the gauge invariant subspace becomes easy.

Local Hilbert space on which 
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The physical Hilbert space basis:





Introducing matter fields is easy!



Introducing matter fields is easy!
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)

Dimer-Tensor
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Introducing matter fields is easy!

The physical Hilbert space is again obtained by 
projecting to a gauge-invariant sector

Monomer-Tensor
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)

Dimer-Tensor
<latexit sha1_base64="bHMXWXPamYaJbbwprGRTVsJUJkU="></latexit>

dim(Hω) = d2
ε
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)

Local Hilbert space on which 
gauge transformations act
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)

Local Hilbert space on which 
gauge transformations act
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H
g
s = Vω̄1

→ Vω2 → Vω̄3
→ Vω4 → Vωs

With matter fields the physical Hilbert space  
of lattice gauge theories is given by

Monomer-Dimer-Tensor-Network basis!
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)

Local Hilbert space on which 
gauge transformations act
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Qubit regularized lattice gauge theories:  
- may lead to new continuum QFTs, or 
- may lead to alternate ``regularization” of familiar QFTs

There is a new parameter in the non-uniqueness space!
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A qubit regularized SU(3) lattice gauge theory 2

FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the

1
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FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the
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FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the

1
A strictly one-dimensional gauge theory has no local propagating

loop baryon-antibaryon 
network

color-flux representation
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FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the
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FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the

1
A strictly one-dimensional gauge theory has no local propagating

loop baryon-antibaryon 
network

color-flux representation

3-State Quantum Clock Hilbert Space
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FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =


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0 1 0
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which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields
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P+1 + g X̂P +
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ẐP + h.c.
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, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the
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Êω

2

FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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Û†
P

<latexit sha1_base64="ecJcDSw759bhOWYgLwTRo2yrCiA=">AAACH3icbVDLSsNAFJ34rPFVFdy4GSyCq5J0UV0W3bisYNpCE8rNdNIOnUzCzEQosR+jW/0Pd+K2v+EXOG2zsK0HLhzOuRfOPWHKmdKOM7U2Nre2d3ZLe/b+weHRcfnktKWSTBLqkYQnshOCopwJ6mmmOe2kkkIcctoOR/czv/1MpWKJeNLjlAYxDASLGAFtpF753O/auU+AY38IOvcmk17T9oNeueJUnTnwOnELUkEFmr3yj99PSBZToQkHpbquk+ogB6kZ4XRi+5miKZARDGjXUAExVUE+zz/BV0bp4yiRZoTGc/XvRQ6xUuM4NJsx6KFa9Wbiv56KCkuBUFhRyaLlJDq6DXIm0kxTQRZBooxjneBZWbjPJCWajw0BIpn5BZMhSCDaVGqbktzVStZJq1Z169X6Y63SuCvqKqELdImukYtuUAM9oCbyEEEv6A29ow/r1fq0vqzvxeqGVdycoSVY01866aI6</latexit>

ÛP
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the

1
A strictly one-dimensional gauge theory has no local propagating

Zero energy! Unit energy

Plaquette operator:
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Steps to study the continuum limit:

1. Construct a lattice Hamiltonian

2. Look for a second order quantum critical point!

3. Tune to the QCP and switch on a relevant parameter.
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4. Define a dimensionless ratio in a finite box
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FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the

1
A strictly one-dimensional gauge theory has no local propagating
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Color-flux energy
Changes color-flux

3-couplings

Continuum Limit of Plaquette Chains



Hamiltonian:

2

FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the
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FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the
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FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the
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A strictly one-dimensional gauge theory has no local propagating
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FIG. 1. Physical basis state of the qubit-regularized SU(3) lgt
on a plaquette chain in the mdtn basis. Links are represented
by dimer tensor states, which may equivalently be viewed as
color flux states |ω→, where ω = 1 (blue), 3 (red), and 3̄ (yellow)
are irreducible representations of SU(3). The two indices of
each tensor are associated with the lattice sites connected
by the link and transform in the irreps ω and its conjugate
ω̄. Gauge invariance enforces that the irreps meeting at each
site combine to a singlet, implying for a plaquette chain the
only possibilities are (i) a singlet, a triplet, and an anti-triplet
index, (ii) three triplet indices, or (iii) three anti-triplet indices
meeting at a site (top). An equivalent representation in terms
of color fluxes is shown in the bottom panel, where a dashed
line denotes the state |1→, arrows pointing to the right or
upward denote |3→, and oppositely oriented arrows denote |3̄→.

cializing to SU(3), the above simple Hilbert space has
also been explored previously [13–15]. Most earlier work
has focused on models based on the traditional Kogut–
Susskind Hamiltonian [16], which typically su!er from
sign problems. This makes it di”cult to study continuum
limits using Monte Carlo methods in higher dimensions.
To overcome this di”culty, in Ref. [7] we proposed a
class of simple gauge-invariant Hamiltonians for SU(N)
lgts that are free of sign problems. Here we adapt that
construction to the SU(3) plaquette chain, introducing
additional couplings to demonstrate the existence of a non-
trivial continuum limit. Our plaquette-chain Hamiltonian
is given by,

Hpc = ωc

∑

ωc

Êωc + ωr

∑

ωr

Êωr → g

∑

P

(
ÛP + Û†

P

)
, (1)

where Êω is diagonal in the link basis |ε↑ associated with
link ϑ, with eigenvalue (1→ ϖε,1). It assigns equal energies
to the 3 and 3̄ irreps, typically higher than that of the
1 irrep on each link, implying ωc,ωr ↓ 0. In contrast,
the plaquette operator ÛP and its Hermitian conjugate
are o!-diagonal in the mdtn basis and modify the irreps
on the four links of a plaquette while preserving gauge
invariance. Their action is illustrated in Fig. 2. To avoid
sign problems in our Monte Carlo calculations, we restrict
to g ↓ 0. Finally, we note that [Hpc, Ĉ] = 0, where Ĉ is the
charge-conjugation operator introduced earlier. Since the
Hamiltonian is local and gauge invariant, it does not mix
the three Hilbert spaces HI, HII, and HIII. We identify
HI as the vacuum sector. Introducing heavy static quarks
and antiquarks at two sites generates a string of plaquettes
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FIG. 2. Action of the plaquette operators ÛP and Û†
P on a

representative mdtn state. Traversing the plaquette clockwise
or counterclockwise updates the links according to the cyclic
rule 1 ↑ 3 ↑ 3̄ ↑ 1, applied to the irrep at the first site of
each link; the irrep at the opposite end is then fixed.

connecting them that necessarily lies in one of the other
two sectors. Thus, while the Hamiltonian retains the same
form as in Eq. (1), the presence or absence of static charges
alters the accessible Hilbert space and consequently a!ects
the energy spectrum.
Since the plaquettes admit only three quantum states

within each Hilbert space sector, the SU(3) plaquette
chain is equivalent, in each sector, to a one-dimensional
three-state quantum clock model [15]. The latter is de-
fined in terms of the operators

X̂ =




0 1 0
0 0 1
1 0 0



 , Ẑ =




1 0 0
0 e

i2ϑ/3 0
0 0 e

→i2ϑ/3



 , (2)

which act on the three states associated with each plaque-
tte P . Restricting the Hamiltonian Eq. (1) to the sector
HI yields

H
I
qcm = →

∑

P

{
J ẐP Ẑ

†
P+1 + g X̂P +

h

3
ẐP + h.c.

}
, (3)

with J = ωr/3 and h = 2ωc, up to an overall constant
energy shift E0. In the remaining sectors HII and HIII,
the Hamiltonians H

II
qcm and H

III
qcm take the same form,

except that h is replaced by h = →ωc.
The quantum clock model defined in Eq. (3) is criti-

cal at J = g = 1 and h = 0, where its quantum criti-
cal behavior belongs to the universality class of the 2D
three-state classical Potts model [17]. At this critical
point, the infrared physics is described by a relativistic
Z3 parafermion conformal field theory cft with central
charge c = 4/5 [18]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at ωr = 3, g = 1,
and ωc = 0, where we must identify the parafermions as
the quasi-one-dimensional analogues of the gauge bosons1.
Relevant perturbations of the parafermion cft, in the
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FIG. 5. Static quark potential V (w) versus separation w for
L = 96 and µ = 14.0. The solid line is a linear fit whose slope
gives ω̄ = 0.009500(3).

the massive qft emerging in the ir is non-integrable [25].
Because the earlier results were presented graphically,
extracting a precise numerical value is di!cult; however,
a rough estimate indicates consistency with our result.

µ A(µ) R(µ)
→
ω/m+

8.0 1.1(1) 1.452(4) 0.2676(4)

10.0 1.3(1) 1.459(3) 0.2649(2)

12.0 1.57(8) 1.459(2) 0.2648(2)

14.0 1.8(3) 1.458(9) 0.264(1)

TABLE I. The value of the ratio R(µ) and A(µ), obtained
by extrapolating the data at L = 32, 48, 64, 80, 96 to the
thermodynamic limit using the ansatz Eq. (5) at di!erent
values µ.

In order to confirm that the massive continuum qft
emerging in the ir is relativistic, we study the dispersion
relation of the low-energy spectrum of Eq. (3). Since
the system is invariant under discrete translations, each
energy eigenvalue ECi (L, µ) carries a definite lattice mo-
mentum pn = 2ωn/L. Single-particle excitations of dif-
ferent particles below the two-particle threshold can be
identified as non-degenerate states at zero momentum.
Using this insight, we reorganize the low-energy spectrum
ECi (L, µ) by relabeling the index i as a pair (j, n). We
denote the vacuum energy E+0 (L, µ) by (j = 0, n = 0).
The higher-energy states (in both sectors) correspond to
the j-th massive particle with lattice momentum pn. We
denote the corresponding energies by ECj,n(L, µ) [23].
From these, we define the single-particle excitation

energies by subtracting the vacuum energy,

ε
C
j,n(L, µ) = ECj,n(L, µ) → E+0 (L, µ) . (7)

The mass of the j-th particle is then defined as m
C
j =

ε
C
j,0(L, µ). The dispersion relation

(
ε
C
j,n

)2 → (mC
j )

2 = 2
(
1 → cos pn

)
ϑ
2 + O(n4

L
→4) , (8)

where ϑ is a constant (independent of n, L, and j) that
plays the role of ⊋c converting inverse lattice spacing
into energy units, is a hallmark of a relativistic particle.
As shown in Fig. 4, our data are well described by this
dispersion relation, yielding ϑ = 2.5907(2).

For su!ciently large L and µ, we can also compute the
string tension between a static quark–antiquark pair by
placing the quark at site x = 0 and the antiquark at x =
w, both on the lower chain. Although the Hamiltonian
remains that of Eq. (1), the Hilbert space is modified: the
plaquettes between x = 0 and x = w are forced into sector
II, while the remaining plaquettes remain in the vacuum
sector I. In the e”ective quantum clock model Eq. (3),
this corresponds to a modification of the coupling h: on
the plaquettes between x = 0 and x = w, h is reduced by
a factor of two and changes sign relative to its value on
the remaining plaquettes.
The heavy quark–antiquark potential is defined as

V (w) = E+0 (w) → E+0 , (9)

where E+0 (w) denotes the ground-state energy in the pres-
ence of a static quark–antiquark pair separated by w, and
E+0 is the vacuum ground-state energy. In the confined
phase we expect a linear potential,

V (w) = ϖ+ ϱ̄w , (10)

with ϱ̄ the string tension (energy per unit length). In
Fig. 5 we show an illustration of how we can extract ϱ̄

from our data when L = 96 and µ = 14.
Defining ϱ = ϱ̄ ϑ, which has dimensions of energy

squared, and using the value of ϑ extracted from the
dispersion analysis, we compute the dimensionless ra-
tio

↑
ϱ/m

+ for each µ and L. Assuming the finite-size
corrections are of the form L

→1, we extrapolate to the
thermodynamic limit [23]. The resulting estimates of↑
ϱ/m

+ are listed in the fourth column of Table I, from
which we obtain

↑
ϱ/m

+ = 0.2648(2) .

Our work demonstrates that simple qubit-regularized
SU(3) lgts can exhibit nontrivial continuum limits with
massive relativistic excitations analogous to glueballs. A
similar massive continuum limit was recently identified
in a qubit-regularized SU(2) theory [26]. Although both
results arise in quasi-one-dimensional models, the under-
lying quantum critical points are related, from the gauge-
theoretic perspective, to confinement–deconfinement tran-
sitions. For small nonzero h, the ground state of Eq. (3)
lies in the ordered phase with g/J < 1, where h selects one
of three degenerate vacua, corresponding to confinement.
For g/J > 1, the ground state is disordered and largely
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Fig. 5 we show an illustration of how we can extract ϱ̄

from our data when L = 96 and µ = 14.
Defining ϱ = ϱ̄ ϑ, which has dimensions of energy

squared, and using the value of ϑ extracted from the
dispersion analysis, we compute the dimensionless ra-
tio

↑
ϱ/m

+ for each µ and L. Assuming the finite-size
corrections are of the form L

→1, we extrapolate to the
thermodynamic limit [23]. The resulting estimates of↑
ϱ/m

+ are listed in the fourth column of Table I, from
which we obtain

↑
ϱ/m

+ = 0.2648(2) .

Our work demonstrates that simple qubit-regularized
SU(3) lgts can exhibit nontrivial continuum limits with
massive relativistic excitations analogous to glueballs. A
similar massive continuum limit was recently identified
in a qubit-regularized SU(2) theory [26]. Although both
results arise in quasi-one-dimensional models, the under-
lying quantum critical points are related, from the gauge-
theoretic perspective, to confinement–deconfinement tran-
sitions. For small nonzero h, the ground state of Eq. (3)
lies in the ordered phase with g/J < 1, where h selects one
of three degenerate vacua, corresponding to confinement.
For g/J > 1, the ground state is disordered and largely
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String-Tension vs Glueball Mass Ratios in the Continuum

SU(2) case: 0.249(1)

SU(3) case: 0.2648(2) 
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What about Anomalies?

Qubit regularization most likely changes the UV anomalies. 

Or will infinite local lattice Hilbert space be Important 
somehow to reproduce some continuum QFTs?

Can IR anomalies emerge with a local lattice Hilbert space 
that is finite dimensional?
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Conclusions
Qubit regularization shows that the space of lattice gauge 
theories is richer than we had appreciated before

Qubit regularized plaquette chains have relativistic continuum 
limits.

Can we get similar continuum limits in  
higher dimensions and if yes what are they?

In SU(2)/SU(3) cases the UV fixed points are the well known 
Potts model fixed points.

The gauge coupling mimics the magnetic field and in the IR one 
gets massive Glueball-like particles with a well defined string 
tension!


