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What does a QCD Wilson line flow to 
in the IR Chiral Lagrangian?

• Wilson lines are fundamental objects in gauge theory — important for confinement
• RG flow for extended operators/defects in strongly-coupled QFTs
• Implications for the real-world QCD — connection with experiments

Surprisingly, to my knowledge, this question was not discussed in the literature.* 
Why? Maybe because one may intuitively expect a boring answer …

* The closest I am aware of is [Brennan-Jacobson-Roumpedakis ’25]
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• Dynamical quarks in the fundamental rep can screen the Wilson lines
• Wilson lines acting on the vacuum creates confining strings, but confining strings are 

unstable against string breaking by pair productions of dynamical quarks

q̄ qq q̄ → |mesons⟩

constant potential for probe quarks 
  Perimeter Lawlim

R→∞
V(R) = Const →

Wilson line cannot be completely screened!

• No  center 1-form symmetry (compared to  Yang-Mills theory)ℤN SU(N)

W |vac⟩ = |string⟩
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Global Symmetry

* The full global symmetry is G =
SU(Nf )L × SU(Nf )R × U(1)V

(ℤNf
)V × ℤN

  G̃ = U(Nf)V

qi → Uij qj

faithful 

 

   gauge symmetry

G = G̃/ℤN

qi → e
2πi
N qi ∈ SU(N)

unfaithful

all gauge invariant operators  
 reps & integer baryon charge G B ∈ ℤ

meson operator                           
baryon operator        

q̄a
i q

a
j B = 0

ϵa1⋯aN
q̄a1

i1
⋯qaN

iN
B = 1

quarks 
 reps & fractional baryon charge G̃ B = 1/N

NOT gauge invariant



Defect Anomaly



Defect Anomaly
Quarks can be made gauge invariant by attaching them with a fundamental Wilson line.

q



Defect Anomaly
Quarks can be made gauge invariant by attaching them with a fundamental Wilson line.

A time-oriented Wilson line defines a defect that modifies the Hamiltonian and Hilbert 
spaces. It appears as a color point source at constant time slices.

q



Defect Anomaly
Quarks can be made gauge invariant by attaching them with a fundamental Wilson line.

A time-oriented Wilson line defines a defect that modifies the Hamiltonian and Hilbert 
spaces. It appears as a color point source at constant time slices.

q

The faithful symmetry  acts projectively in Wilson line defect Hilbert space.G = U(Nf)/ℤN

 projective rep 
 

projectivity  

G
Ug × Uh = eiϕ(g,h)Ugh

B = 1/N mod 1



Defect Anomaly
Quarks can be made gauge invariant by attaching them with a fundamental Wilson line.

A time-oriented Wilson line defines a defect that modifies the Hamiltonian and Hilbert 
spaces. It appears as a color point source at constant time slices.

q

The faithful symmetry  acts projectively in Wilson line defect Hilbert space.G = U(Nf)/ℤN

 projective rep 
 

projectivity  

G
Ug × Uh = eiϕ(g,h)Ugh

B = 1/N mod 1

trivial identity line

O



Defect Anomaly
Quarks can be made gauge invariant by attaching them with a fundamental Wilson line.

A time-oriented Wilson line defines a defect that modifies the Hamiltonian and Hilbert 
spaces. It appears as a color point source at constant time slices.

q

The faithful symmetry  acts projectively in Wilson line defect Hilbert space.G = U(Nf)/ℤN

 projective rep 
 

projectivity  

G
Ug × Uh = eiϕ(g,h)Ugh

B = 1/N mod 1

 linear rep 
 

no projectivity 

G
Ug × Uh = Ugh

B = 0 mod 1

trivial identity line

O



Defect Anomaly
Quarks can be made gauge invariant by attaching them with a fundamental Wilson line.

A time-oriented Wilson line defines a defect that modifies the Hamiltonian and Hilbert 
spaces. It appears as a color point source at constant time slices.

q

The faithful symmetry  acts projectively in Wilson line defect Hilbert space.G = U(Nf)/ℤN

 projective rep 
 

projectivity  

G
Ug × Uh = eiϕ(g,h)Ugh

B = 1/N mod 1

 linear rep 
 

no projectivity 

G
Ug × Uh = Ugh

B = 0 mod 1

trivial identity line

CONTRADICTION!

× O



Defect Anomaly
Quarks can be made gauge invariant by attaching them with a fundamental Wilson line.

A time-oriented Wilson line defines a defect that modifies the Hamiltonian and Hilbert 
spaces. It appears as a color point source at constant time slices.

q

The faithful symmetry  acts projectively in Wilson line defect Hilbert space.G = U(Nf)/ℤN

 projective rep 
 

projectivity  

G
Ug × Uh = eiϕ(g,h)Ugh

B = 1/N mod 1

 linear rep 
 

no projectivity 

G
Ug × Uh = Ugh

B = 0 mod 1

trivial identity line

CONTRADICTION!

×
It gives rise to a defect anomaly […, Aharony-Cuomo-Komargodski-Mezei-RavivMoshe ’23, 
Antinucci-Copetti-Galati-Rizi ’24, Brennan-Jacobson-Roumpedakis ’25, …]

O



Defect Anomaly
Quarks can be made gauge invariant by attaching them with a fundamental Wilson line.

A time-oriented Wilson line defines a defect that modifies the Hamiltonian and Hilbert 
spaces. It appears as a color point source at constant time slices.

q

The faithful symmetry  acts projectively in Wilson line defect Hilbert space.G = U(Nf)/ℤN

 projective rep 
 

projectivity  

G
Ug × Uh = eiϕ(g,h)Ugh

B = 1/N mod 1

 linear rep 
 

no projectivity 

G
Ug × Uh = Ugh

B = 0 mod 1

trivial identity line

CONTRADICTION!

×

Wilson line cannot be completely screened!

It gives rise to a defect anomaly […, Aharony-Cuomo-Komargodski-Mezei-RavivMoshe ’23, 
Antinucci-Copetti-Galati-Rizi ’24, Brennan-Jacobson-Roumpedakis ’25, …]

O
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Skyrmions are topologically non-trivial configurations on constant time slices

finite energy   → lim
r→∞

U(r, θ, ϕ) = Const

 can effectively be viewed as a map   U S3 → SU(Nf)

topologically distinct configurations are classified by π3(SU(Nf)) = ℤ

Baryons as IR Skyrmions

B =
1

24π2 ∫ Tr[(U†dU)3] =
2F(0) − sin(2F(0))

2π
= n

U0( ⃗x) = (eiF(r) ⃗σ⋅ ̂r
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lim
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probe monopole worldline        
=

∮
S2 F = 2πn

•  symmetric   U(1)B ∗ JB
S2×ℝ

= 1
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Boundary conditions 

•  symmetric    

•
U(1)B
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0dŨ0)3 + (dŨ0Ũ†
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∂M4 = − ∂M′￼4 = S2 × S1
∂M5 = M4 ∪ M′￼4

Let us apply it to the singular fractional skyrmion.
The original  has an  boundary. What happens to the Wess-Zumino term?M4 S2 × S1

NSBWZ =
N

48π2 ∮M′￼4

Tr (((Ũ†
0dŨ0)3 + (dŨ0Ũ†

0)
3) A†dA)

Include a boundary Wess-Zumino term

eiNSWZ+iNSBWZ = (−1)NB

    B = 1/N → eiNSWZ+iNSBWZ = −1

fermionic statistics of quark

Fractional skyrmions have well-defined statistics only for B = n/N
[HTL to appear]
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Strange 
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Modeled by 
Wilson lines

mass difference between heavy-light hadrons  
should come from the light degrees of freedom

In the IR, real-world QCD ( ) is described by chiral Lagrangian of light mesons.N = 3
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Bottom baryon appears as a bound state of  
a heavy-light meson and a  skyrmion! 

Resembles the conventional bound state model of heavy-light hadrons in  
[Callan-Klebanov ’85, Jenkins-Manohar-Wise ’92]
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The physics of heavy quarks can be described by heavy quark effective theory (HQET).

HQET is an effective field theory organized in powers of  around the infinite heavy 
quark limit .

ΛQCD/mQ
mQ → ∞

In HQET, the mass of  heavy-light hadron is given by the expansion

                    meson     MQ mMQ
= mQ + Λ̄ + λ mQ−1

                    baryon     ΛQ mΛQ
= mQ + Λ̄Λ + λΛmQ−1

                    baryon     ΣQ mΣQ
= mQ + Λ̄Σ + λΣmQ−1

Heavy Quark Effective Field Theory

See [Manohar-Wise 2000] for review

What we have computed is a parameter  in the HQETΛ̄Σ − Λ̄Λ

The conventional bound state model of heavy-light hadrons [Callan-Klebanov ’85, Jenkins-
Manohar-Wise ’92] was constructed from HQET  chiral Lagrangian.+
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Nf = 1 QCD3

QED3 QCD2
• Revisit confinement in QCD?

Conclusion & Outlook

New idea for QCD! Many more to explore!



Backup Slides



For  non-linear -model, the Wess-Zumino term vanishes. 
What replaces it is a  -term associated with . 
The non-trivial element in  can be constructed by taking an  skyrmion 
and rotate it by  as it evolves in the time direction.  

Another way to think about this  -term is to embed the  field inside  and 
extend it to a 5d bulk. The corresponding Wess-Zumino term gives the -term. 

The coefficient of the -term is  
• Matches the Witten anomaly 
• Reproduces the statistics of the baryons 

In the presence of boundary, the -term is no longer -valued and its coefficient is , 
which is meaningful not only modulo 

SU(2) σ
ℤ2 θ π4(SU(2)) = ℤ2

π4(SU(2)) = ℤ2 SU(2)
2π

ℤ2 θ SU(2) SU(3)
θ

θ Nπ mod 2π

θ ℤ2 Nπ
2π

Nf = 2


